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Introduction

Sparse models are a class of systems in which prior knowledge indicates the presence
of a majority of zero valued parameters in a model but not the location of the zeros
in the parameter vector [1, 2, 3]. Such models occur in a wide range of applications
[4, 5, 6, 7, 8, 3].
Many algorithms have been developed for estimating the location of the null
parameters. Well known algorithms include, LASSO and Dantzig [9, 10]. These
can be thought of as providing a form of regularization. It has been shown that,
under appropriate conditions, these algorithms can find the correct location of the
null parameters.
Another algorithm that has been widely used for sparse estimation problems
is the MUSIC algorithm [11]. This algorithm was originally developed for multiple
emitter locations in signal processing [11, 12]. It has also been applied to other
sparse problems including blind multiband signal reconstruction [13, 3].
All of the algorithms mentioned above are “off-line” in the sense that one first
collects a large set of data and then one applies the algorithm. However, in some
applications, e.g. cognitive radio, it would be helpful if one could have an “online”
version of the algorithm in which the estimates of the sparse model evolves as the
data is collected. Thus, at any given time, one has an estimate of the sparse model.
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CHAPTER 1. A TIME-RECURSIVE ALGORITHM FOR BLIND MULTIBAND SIGNAL RECONSTRUCTION
The estimated model improves as more data is collected.
The main contribution of the current paper is to develop an on-line form of
the MUSIC algorithm. We test the algorithm by applying it to a particular sparse
problem, namely, blind multiband signal reconstruction.
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A Class of Sparse Estimation Problems

We consider a sparse estimation problem of the following form.
x[k]
e
y [k] = Ae

(1)

where x̃[k] ∈ CL denotes a vector of parameters, ỹ[k] ∈ Rp denotes a given set of
data and A ∈ Cp×L represents a regression matrix.
We assume that prior knowledge indicates that only 2N < p of the elements
of x̃[k] are non-zero. We can then rewrite (1) as
xb∗ [k]
(2)
e
y [k] = A(b∗ )e


∗
∗ T
) , b∗ = [β1∗ , . . . , β2N
] , βi∗ for i =
where A(b∗ ) = a(β1∗ ) a(β2∗ ) · · · a(β2N
1, 2, . . . , 2N are the indices of the columns of A related to the non-zero elements
x
e[k], and the vector x
eb∗ [k] contains the non-zero elements of x
e[k]. We also consider
that a(βi )H a(βj ) = 0, i 6= j.
Th goal is to find the location of the non-zero elements, i.e. b∗ and then
estimate x
eb which is a straightforward least squares problem .

3

The MUSIC Algorithm

The problem described in Section 2 can be solved using the MUSIC algorithm [11].
A brief description of the MUSIC algorithm is givenPbelow.
First, we define the covariance matrix R =
y [k]e
y [k]T , and consider the
ke
problem (2). Then we have that
X
X
x[k]H AH = A(b∗ )
x
eb∗ [k]e
R=A
x
e[k]e
xb∗ [k]H A(b∗ )H
(3)
k

k

Moreover, if k x
eb∗ [k]e
xb∗ [k]H has full rank, then R will be singular since 2N < p.
Specifically, R will have at least p − 2N eigenvalues equal to zero. The eigenvectors
associated with the zero valued eigenvalues form the Null space of R. Note that
every vector em in the Null space of R satisfies the condition A(b∗ )H em = 0.
Let E be the p × (p − 2N ) matrix whose columns are the eigenvectors that
form the Null space, then an estimate β̂i of βi∗ for i = 1, 2, . . . , 2N , can be found by
determining the location of the largest 2N values of
1
PM U (βi ) =
(4)
H
a(βi ) EE T a(βi )
P

b of
The corresponding 2N values of β are then assembled to form an estimate, b,
b∗ .
b has been evaluated, then the correspondly estimate for x
Once b
eb [k] can be
calculated by a number of means. For example, the least squares estimate is
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y [k]
x
eb [k] = A(b)+ e
where

4

+

(5)

denotes the Moore-Penrose pseudoinverse [14].

On-Line MUSIC Algorithm

As outlined in Section 3, a key step in the MUSIC algorithm is to find the Null
subspace of R through the estimation of its eigenvectors and eigenvalues. Typically
this step is performed off-line [11] after collecting a large amount of data. Here we
develop an on-line
Pkversion ofHthe algorithm.
y [t] be the estimate of R at time k. Then, clearly,
Let Rk = t=1 e
y [t]e
Rk+1 = Rk + e
y [k + 1] e
y [k + 1]H

(6)

Then, an on-line estimate of the Null space of R can be achieved as follows:
(i)
Let uk , i = 1, . . . , p denote the estimate of the normalized eigenvector associated with the i-th largest eigenvalue of R.
(i)
(i)
(0)
At time k we have {uk , Pk }, i = 1, . . . , p, and considering Pk = I
(i)

(i−1) (i)
(i−1)
(i−1) (i)
uk + αk Pk
Rk+1 Pk
uk ,
(i)
(i)
ũk+1 /||ũk+1 ||,

ũk+1 = Pk
(i)
uk+1

=

(i)

(i)

αk > 0

(7)
(8)

(i)

when ||uk+1 || 6= 0, if ||uk+1 || = 0 we reset uk to some other value and repeat (7).
(0)
Also, with Pk+1 = I we calculate
h
i
(i)
(1) (2)
(i−1) (i)
Vk+1 = u(1)
(9)
P
u
·
·
·
P
u
k+1
k+1 k+1
k+1
k+1
(i)

(i)

(i)+

Pk+1 = I − Vk+1 Vk+1

(10)

The estimate of E, the nullspace generating matrix for R is then
h
i
+1)
(p)
Êk+1 = u(2N
, . . . , uk+1
k+1

(11)

Note that the eigenvalues can be recursively estimated (if desired), via
(i)

(i)

(i)

(i)T

λk+1 = λk − αk (λk − uk

(i)

Rk+1 uk ).

The core ingredients of the above algorithm are equations (7) and (8). These
equations are a form of stochastic approximation [15]. The use of stochastic approximation for the general problem of eigenvalue estimation has been explored
in [16]. Our key contribution is to adopt this idea to develop an on-line MUSIC
algorithm.

5

Application to Multiband Signal Reconstruction

We illustrate the performance of the on-line MUSIC algorithm by applying it to the
problem of blind multiband signal reconstruction.
The problem of blind multiband signal reconstruction has been studied by
previous researches, see [1, 2, 17, 3]. Without exception, these methods use off-line
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data analysis. Algorithms that fall into this category include Orthogonal Matching
Pursuit, Basis Pursuit, Lasso, and Dantzig, among others. Also, by exploiting
links to other related problems, e.g. multiple emitter location, other algorithms are
possible [3], e.g the off-line MUSIC algorithm [11]. Our goal here is to utilize the
on-line algorithm of Section 4.
The class of signals of interest in multiband signal reconstruction ([1, 2, 17, 3])
is:
Definition 1. Let M be the set of continuous real signals x(t) with associated
Fourier transform, X(f ), such that x(t) and X(f ) satisfy the assumptions that x(t)
1
1
, 2T
], X(f ) is restricted to have
is bandlimited to the frequency range F = [− 2T
support no more than N disjoint bands in F, and the width of each band does not
exceed B.
The number of non-zero bands is assumed known but the positions of the N
bands of X(f ) are unknown. Also, it is that the support of X(f ) is sparse, i.e. the
N disjoint bands occupy a small part F.

5.1

Multi coset sampling

Here we describe a special kind of sampling (called multi coset sampling) which
exploits the sparse nature of the data to yield a sampling rate below the Nyquist
rate (see e.g [18, 13, 19]).
In multi coset sampling, samples are obtained by the selection of samples from
an uniform grid of samples. In every block of L uniform samples, all samples are
discarded except p samples that are specified by a set C = {ci }pi=1 (referred to as
a sampling pattern) where 0 ≤ c1 < c2 < · · · < cp < L − 1. The sampling sequence
for 1 ≤ i ≤ p is defined by

x(kT ) k = mL + ci , m ∈ Z
xci [k] =
(12)
0
otherwise
Passing these sequences through a lowpass filter given by, hLP = 1 if f ∈ F0 , and
1
1
1
hLP = 0 if f ∈
/ F0 . Where F0 = [− 2LT
, 2LT
] for odd L, and F0 = [0, LT
] for even
L. We denote the filtered signal by x
eci [k] = xci [k] ∗ hLP [k]. Next, using the Fourier
Transform we observe that
ec (f ) =
X
i

∞
X

x
eci [k] · exp(−j2πf T k),

k=−∞
L
1 X
er (f )
=
exp(j2π KLr ci ) · X
LT r=1

(13)
f ∈F

er (f ) = X(f + Kr )hLP (f ), K = {− L−1 , . . . , L−1 } for odd L, and K =
where X
LT
2
2
L
{− 2 , . . . , L2 − 1} for even L. Also, Km denotes the m-th element in K . We note
Kr
that because of the multiband character of x[k], X(f + LT
) = 0 for some of the
e
r ∈ {1, . . . , L} for all f ∈ F0 . Hence, Xr (f ) = 0, f ∈ F, for the corresponding r.
So, rewriting (13) in the time domain we have
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x
eci [k] =

L
1 X
exp(j2π KLr ci ) · x
er [k]
LT r=1

i = 1, . . . , p

(14)

or, in vector form
e
y [k] = Ae
x[k]

(15)

where



x
ec1 [k]


e
y [k] =  ...  ;




x
e1 [k]


x
e[k] =  ...  ;

x
ecp [k]

Ai,m =

x
eL [k]


1
exp j 2π
ci Km .
L
LT

Note in (15), that p < L, so the set of equations is underdetermined. However, the
1
and the fact that the support of X(f ) is sparse, gives additional
choice of L ≤ BT
Kr
information. In particular, for at least L − 2N values of r ∈ {1, . . . , L}, X(f + LT
)
er (f ) are zero for all f ∈ F and so,
is zero for all f ∈ F0 . Hence, the corresponding X
x
er [k] = 0 for all k. The vector x
e[k] is referred in the literature as being 2N -sparse (
formally, a vector v is called 2N -sparse if the number of nonzero values in v is 2N
[19]).

5.2

Blind On-Line Reconstruction of Multiband Signals

We next apply the on-line MUSIC algorithm of Section 4 to estimate b∗ the vector
containing the indicies of the non-empty frequency slots of the multiband signal.
The blind multiband signal reconstruction problem can be cast into the general
on-line MUSIC problem if we choose A(b) and a(βi ) as follows:


T
1 
exp j 2π
c1 βi
exp j 2π
c2 βi
. . . exp j 2π
cp βi
a(βi ) =
∈ Cp
L
L
L
LT
From the definition of the entries of x
e[k] in (13) we readily observe that when shifted
in the frequency domain and summed, the original signal x[k] is reconstructed.
Namely, in the time domain, this corresponds to
x[k] =

L
X

exp{j2π KLr k}e
xr [k]

(16)

r=1

=

2N
X

exp{j

i=1

2π ∗
kβ }e
x ∗ [k]
L i γi

(17)

where γi are the index of the nonzero entries of x
e[k], such that βi∗ = Kγi∗ , and
∗
exp{j 2π
rβ
}
represent
the
corresponding
shifts
in
the
frequency domain.
i
L
Motivated by (17), and since we are given (at each time interval) an estimate
b = {βb1 , . . . , βb2N } ⊂ K of b∗ , we can readily reconstruct an estimate of the signal
b
via
x
b[k] =

2N
X

b xγb [k]
exp{j 2π
i
L k βi }e

i=1

The full on-line algorithm is summarized in Table 1.

(18)
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Figure 1 Empirical success ratio at
Table 1 . On-Line algorithm for blind each time, for several sampling patreconstruction of multiband signals
tern sizes, p.
b {u(i) , P (i) }, i
b,
0
0

100

=

2. At each time k:
(a) Update the eigenvector esti(i)
mates, uk , using (7)-(8).
b using MUSIC algo(b) Estimate b
rithm.
(c) Estimate x
b[k] using (18).

6

96 %
92 %

90
80

Empirical success ratio

1. Initialize:
1, . . . , p.

70
60
50
40
30
20

8
10
13
16

10
0

2000

4000

6000

8000
10000 12000
Time samples

14000

16000

18000

Numerical Results

Here we present a numerical experiment to show the characteristics of the proposed
algorithm.
Consider the class M of multiband signals, bandlimited in the frequency range
F = [−10Ghz, 10GHz], with frequency support on N = 2 bands of width B =
N/2
950M Hz. The signals are generated randomly by first drawing {ai }i=1 uniformly
and at random in the frequency range [0, 10GHz − B]. Next, set b = ai + B, for
1 ≤ i ≤ N/2, and ensure that the bands do not overlap. Finally, generate X(f ) by
SN
X(f ) = di (AR (f ) + jAI (f )) if f ∈ i=1 [ai , bi ] and X(f ) = 0 otherwise . AR (f ) and
AI (f )are drawn independently from a normal distribution with zero mean and unit
variance. The constants di are chosen uniformly independently from the interval
[1, 5], for each band.
Multi coset sampling is used with L = 19, and where p goes from 8 to 16. The
sampling pattern is chosen as C = {0, 1, . . . , p − 1}.
We run 100 tests, each one with a different signal. For each signal, we consider
different sampling rates, with p = 8, 10, 13, 16. For each sampling rate we recover the
signal using the proposed algorithm. To measure the performance of the algorithm,
the empirical success ratio is calculated at each time as the ratio of simulations in
which the signal x[k] is successfully recovered. The results are shown in Figure 1.
We see that for p = 8, we have estimated the correct frequency domain support of
the signal in 80% of trials once 6, 000 data points have been analyzed. The success
rate increases to above 90% as more data is analyzed
We also see from Figure 1 that higher sampling rates give a larger success
ratio. However, for p = 16 the convergence is slower than for p = 8. This is because
more eigenvectors must be estimated when p = 16.

7

Conclusions

A novel time-recursive algorithm for blind multiband signal reconstruction has been
described. The performance of the proposed algorithm has been confirmed via a
numerical example.
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