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1. Introduction. The performance of Markov Chain Monte Carlo (MCMC)
methods strongly depend on the underlying Markov chain. We always try to make
sure that it reaches its stationary distribution fast. For a fixed Markov chain, this
means we have to prove the chain is near equilibrium after a certain number of steps.
Sometimes we have some freedom in choosing the Markov chain, in this case we have
the additional problem of finding the fastest one.
Distributed consensus and averaging methods can also be interpreted as Markov
chains reaching the uniform distribution provided that this is the stationary distribution. For more details see Olshevsky, Tsitsiklis [13] and Boyd et al. [4].
Our scope is limited to discrete time, finite state space chains, with a unique
stationary distribution π. The speed of approaching the stationary distribution can
be quantified as the mixing time, defined as follows:
n
o
tmix (ε) = max min k : kσ (k) − πkTV ≤ ε .
σ∈P(X )

Here P(X ) is the set of probability distributions on the state space X , σ (k) is the
distribution after k steps with initial distribution σ, π is the stationary distribution
of the chain, and k.kTV is the total variation norm defined for signed measures as:
kµkTV = max |µ(A)|.
A⊂X

Sometimes we simply write tmix , assuming ε = 1/4.
A frequently used property of certain chains is reversibility (see e.g. Kelly [9]). A
Markov chain is called reversible if starting from the stationary distribution, the probability of the consecutive pair (i, j) is the same as the probability of the consecutive
pair (j, i). Formally:
πi pij = πj pji ∀i, j,
where pij is the transition probability from i to j. In the rest of the paper we restrict
our attention to the special case in which the stationary distribution is uniform. In
this case the reversibility condition simplifies to pij = pji for every pair (i, j).
Sometimes we tweak the chain by changing transition probabilities but not the
allowed transitions. For this purpose, let us define the connectivity graph of a Markov
chain as follows: we use the states as nodes and include edges (i, j) if either pij > 0
or pji > 0. We usually omit self loops from this graph.
In the next section we provide a brief overview of some speedup techniques. After
that we give some details on our current work concerning speedup by adding a small
number of long range edges to the connectivity graph.
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2. Speedup techniques. As a first step, we leave the connectivity graph of the
chain intact and try to change the transition probabilities to decrease mixing time. If
we require the chain to be reversible, there is a method by Boyd et al. [3] to formulate
the question as a semi-definite programming (SDP) problem. Thus we may find the
fastest reversible chain as long as we have an SDP solver fast enough for the size of
the problem.
Often there is no good reason to require reversibility, and the question arises what
we can gain by dropping this condition. Without going into details, one can show
using conductance estimates that the mixing time might decrease to its square root
for the best setups. This gain is indeed achieved in some cases as demonstrated in
Example 6.6. by Montenegro and Tetali [11]. Here the connectivity graph is a pair of
cycles interconnected at each node (imagine a hamster wheel). The mixing time is of
the order of n2 and n for the best reversible and non-reversible chains, respectively.
But this is not always the case, as shown by the author [8]:
Theorem 2.1. Consider a Markov chain on a cycle with n nodes. Suppose the
stationary distribution is uniform. Then, for some global constant C > 0,
tmix (1/8) ≥ Cn2 .
Note that the mixing time for the best reversible chain is also of the order of n2 .
Let us now turn our attention to other concepts where we allow the change of
the connectivity graph in a certain way. One well known method is the idea of lifting
which was introduced by Diaconis, Holmes and Neal in [6] and extended by Chen,
Lovász and Pak [5]. The idea is to split each state into two or more new states and
determine transition probabilities in an appropriate way so that the marginal of the
new chain will behave like the original one. The additional structure allows more
flexibility and once again, it can decrease mixing time up to the square root of the
original.
The other type of modification we consider is the addition of some new edges to
the connectivity graph. Let us start with a cycle with n nodes. If we add ≈ cn random
edges we suddenly arrive to Small World Networks (SWN), see the model of Newman
et al. [12]. There is an intensive research activity on SWNs, including the study of
random walks on them. The following result is due to Durrett [7], Addario-Berry and
Lei [1] as it is roughly quoted here:
Theorem 2.2. Consider an n node graph from the model of Newman et al. For
the symmetric random walk we have
c1 log2 n < tmix < c2 log2 n
asymptotically almost surely as n → ∞.
This is a huge speed gain compared to the mixing time of n2 for the cycle alone.
At this point our goal is to investigate the options and effects of adding a lower, o(n)
number of extra edges. Our current results are presented in the following section.
3. Few long range edges. We start with a cycle with n nodes and we want to
add a small number of long range edges. In the beginning we were trying to design
the graph using our intuitions, but it was quite annoying to realize how much better
random graphs were compared to our “clever” designs.
So we focus on random long range edges. The target edge density of the added
edges is n−α for some parameter α ∈ (1, 2). Thus we expect cn2−α extra edges. Let
us introduce three slightly different models for choosing them.
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M1: 
We add a random matching on the almost equidistant n2−α nodes
[inα−1 ], 0 ≤ i < n2−α .


M2: From all possible long range edges we draw n2−α randomly uniformly.
M3: For all possible long range edge we randomly decide to include it or not. Each
edge is included independently with probability n−α .
In each case we assume the transition probabilities are chosen to achieve the
fastest mixing while keeping the stationary distribution uniform. The models differ
only slightly, but the results are different and depend on the techniques we can apply
for them.
Sometimes we only consider the simple case of homogeneous chains when there
are three common transition probabilities for long range edges, for clockwise and
counter-clockwise transitions.
The first result is a simple lower bound.
Proposition 3.1. For M1, let us assume the nodes with long range edges are
placed in an exactly equidistant way. Then for any homogeneous chain,
tmix ≥ Cn2α−2 .
Proof. Observe that we can “wind up” the chain around a cycle of nα−1 nodes so
that long range edges become loop edges. Thus the result follows from Theorem 2.1.
Let us define the conductance of a Markov chain. This is a quantity somehow
measuring the worst bottleneck of the chain.
Definition 3.2. The conductance of a Markov chain on a state space X is
P
Q(S, S C )
i∈S,j∈S c πi pij
Φ = min Φ(S) = min
=
min
.
π(S)π(S C )
∅6=S(X
∅6=S(X π(S)π(S C )
∅6=S(X
This quantity is strongly related to mixing times. The simplest universal bound
is the following, see Borgs [2] for a proof.
Proposition 3.3. For any discrete time Markov chain we have the bound
c

1
≤ tmix .
Φ

Moreover there are upper bounds on mixing time as well, let us cite the version
of Lovász and Simonovits [10] which does not require the reversibility of the chain:
Theorem 3.4. For an irreducible, aperiodic Markov chains which is also lazy (
pii ≥ 1/2 for all i) we have the following bounds for the mixing time:
c1

1
1
≤ tmix ≤ c2 2 .
Φ
Φ

There is a square factor between the lower and upper bounds so we need additional
tools if we look for a sharp estimate. Following the proof of Durrett [7] for SWN mixing
time we can show the following:
Theorem 3.5. For M3 the conductance of the chain satisfies the following inequality asymptotically almost surely as n → ∞:
c

n1−α
< Φ.
log n
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Let us sketch the concepts of the proof. We have to show that Φ(S) is large for
every possible S. We define




cn1−α
>0 ,
B = ∅ 6= S ( X | P Φ(S) <
log n
k = |B|,
p = max P
S∈B



Φ(S) <

cn1−α
log n



.

Now kp is clearly an upper bound for the probability of violating the bound for
Φ. We only have to make sure it converges to 0 as n grows. It is easy to see that
k increases and p decreases exponentially, we need fine estimates to keep kp under
control.
Proposition 3.6. For M1, M2 and M3 the conductance of the chain satisfies
the following inequality asymptotically almost surely as n → ∞:
Φ < cn1−α .
Proof. Suppose for a moment that an instance of the random graph contains
an arc A at least cnα−1 long without a long range edge. Then we can bound the
conductance:
Φ = min

∅6=S(X

Q(S, S C )
Q(A, AC )
2n−1
≤
≤
c
= cn1−α .
π(S)π(S C )
π(A)π(AC )
nα−2

Consequently it is enough to bound the probability of a random graph containing
such an empty arc. 

For M1 the arc 1, [n1−α ] − 1 is always appropriate.
For M2 the long range edges have a total number of 2[n1−α ] endpoints distributed
along n nodes. Thus there must be a gap of at least 12 n1−α .
For M3 the number of edges e follow a Binomial distribution. Using Chebyshev’s
inequality we get


1
n2 n−α (1 − n−α )
n(n − 3)
> n2−α < c
= cnα−2 .
P (e > n1−α ) < P e − n−α
2
2
n4−2α
Thus there are at most n2−α edges asymptotically almost surely, in this case the
reasoning for M2 applies.
Using Theorem 3.4 on the previous conductance bounds we arrive at the following
corollary:
Corollary 3.7. For M3 the mixing time of the chain satisfies the following
inequality asymptotically almost surely:
c1 nα−1 < tmix < c2 n2α−2 log2 n.
Moreover, if the chain is reversible we have
c1 n2α−2 < tmix < c2 n2α−2 log2 n
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asymptotically almost surely.
Proof. We only need to show the lower bound for reversible chains. The others
follow by combining Proposition 3.6 with Proposition 3.3 and Theorem 3.5 with Theorem 3.4. From the proof of Proposition 3.6 we know the random graph has an arc
at least cnα−1 long without a long range edge asymptotically almost surely. Without
going into details, mixing only within this portion of the chain needs at least cn2α−2
steps which provides the missing bound.
For reversible chains the gap is reasonably tight. For non-reversible chains it is
still unclear where the truth lies in between these bounds.
Still, we hope there is a considerable gain for non-reversible chains as shown in
Figure 3.1. This is a plot of mixing times of homogeneous reversible and non-reversible
chains on several graphs coming from M2, for α = 1.5.

Fig. 3.1. Log-log plot for mixing times of homogeneous M2 chains

The sizes of the graphs change between 100 and 2000. We generated 222 random
graphs for each size and calculated the mixing times for a reversible and a nonreversible chain on them. As we are not interested in the extremes, we discarded the
lowest and highest 5% of mixing times for each size. The results for the remaining
graphs are plotted as a histogram on a log-log scale. The upper cluster contains the
data for the reversible chains, the lower for the non-reversible ones. The two lines are
simply the averages.
It is clearly visible that non-reversible chains offer a significant speedup over
reversible ones in this setting. We hope to quantify this gain in the future but at this
point, we do not aim for a bold guess as log n and nδ factors can be easily mistaken
for each other on this scale.
On the other hand we may guess the mixing time for reversible chains is n logδ n
based on Corollary 3.7. By looking for the best fit of the data we arrive at the estimate
δ = 1.45.
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4. Conclusions. In this paper we presented the current state of an ongoing
research project. We investigate two possibilities for decreasing the mixing time of
Markov chains, one is by relaxing the reversibility condition, the other is by adding a
small number of edges to the underlying connectivity graph. We have reasonably sharp
bounds for reversible chains with added edges. For the non-reversible counterpart we
have numerical evidence for the speedup, but determining the exact bounds of the
mixing time is still open.
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