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Abstract. We propose a new class of processes for modeling financial data. The novelty of our
approach is that the standard assumption of independent returns is relaxed, thus allowing to model
the effect of feedback or friction in financial markets. The formal model is a linear stochastic system
driven by a Lévy process. Widely used Lévy processes are the stable, VG or the CGMY process. We
present a novel method for the identification of such systems, which is a combination of standard
techniques in systems identification with a specific statistical technique widely used in the context
in finance, called the empirical characteristic function (ECF) method.
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1. Introduction. Lévy processes have become a widely used tool in modeling
price processes of financial instruments, such as stock prices or indices [10]. A Lévy
process (Zt ) is much like a Wiener process: a process with stationary an independent
increments, but discontinuities or jumps are allowed. For an excellent introduction
to Lévy processes see [1]. A key building block in the theory of Lévy processes is
the compound Poisson process. A more general class of pure jump Lévy process is
formally obtained via
Z tZ
Zt =
xN (ds, dx)
0

R1

where N (dt, dx) is a time-homogeneous, space-time Poisson point process, counting
the number of jumps of size x at time dt. The intensity of N (dt, dx) is defined by
EN (dt, dx) = dt · ν(dx),
where ν(dx) is the Lévy-measure. The above representation is mathematically rigorous if
Z
min(|x|, 1)ν(dx) < ∞.
R1

Under this condition the sample paths of Zt are of finite variation, a property supported by empirical evidence for most indices. The characteristic function of a Lévy
process can be written in the form
EeiuZt = etψ(u) ,

(1.1)

where ψ(u) is the characteristic exponent.
The standard model of a price process within this framework is then
St = S0 exp Zt .
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§ Alfréd Rényi Institute of Mathematics, Budapest, Hungary
† MTA

1

2
(St ) is called a geometric Lévy process. A variety of choices for (Zt ) has been proposed
in the literature: it can be a stable process, a variance Gamma (VG) process, a
tempered stable (CGMY) process, a hypergeometric process or a normal inverse Gauss
(NIG) process.
The motivation behind these models is that the returns of the stock process,
say (St+h − St )/St are assumed to be independent and stationary. While this is an
attractive assumption, its consequences are less attractive. In particular it follows
that the variance of the price process tends to infinity. A closer look at data in fact
reveals that there is a weak correlation between, say, daily returns (St+1 − St )/St .
We propose to introduce a new class of models allowing for decaying memory. For
this purpose we first define a process Yt which is the output of a finite dimensional
stable linear SISO system, driven by a Lévy process:
dYt = HdZt ,
where H is a transfer function and Z is a Lévy process. Such a system will be called
a Lévy system. Then we define the price process according to (1.2): St = S0 exp Yt .
In the statistical analysis of such systems, the fine characteristics of (Zt ) are also of
prime importance. A very similar model was proposed in [13].
1.1. Problem Formulation. The difficulty of applying a maximum-likelihood
(ML) method lies in the fact that there is no natural reference measure in the space
of sample paths. To avoid this problem we focus on a simpler class of discrete time
Lévy systems defined as
∆yn = H(θ∗ )∆Zn ,

(1.3)

where ∆Zn is the increment of a Lévy process Z over an interval [(n − 1)h, nh) with
E [∆Zn ] = 0, a property to be removed later. The Lévy-measure of Z will be denoted
by ν(dx) = ν(dx, η ∗ ), where η ∗ denotes an unknown parameter-vector. The range of
η ∗ is assumed to be known. The transfer function H(θ) is assumed to be stable and
inverse stable for θ ∈ D ⊂ Rp , where D is a known open set. We suppose that
Z
|x|q ν(dx) < +∞
(1.4)
|x|≥1

for all 1 ≤ q < Q with some constant Q.
Our aim is to identify both the system parameters, denoted by θ∗ , both the noise
parameters, denoted by η ∗ . The application of the ML method would solve the full
identification problem along standard lines, assuming that the density function of
∆Zn is known, which is unfortunately not the case. The objective of this paper is to
present a combination of advanced techniques in systems identification with a specific
statistical technique, widely used in the context in finance, called the ECF method,
which can be interpreted as the Fourier transform of an ML method.
2. Lévy processes in finance. A wide range of geometric Lévy processes has
been proposed by a variety of authors. A symmetric α-stable process, with 0 < α < 2,
is defined via the Lévy measure
ν(dx) = C|x|−1−α dx.
A recently widely studied class of Lévy processes is the CGMY process, due to Carr,
Geman, Madan and Yor [5]. It is obtained by multiplying the Lévy-density of a stable
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process with a decreasing exponential on each half of the real axis. Its Lévy-measure,
using standard parametrization, is of the form:
ν(dx) =

Ce−G|x|
Ce−Mx
1x<0 dx +
1x>0 dx,
1+Y
|x|
|x|1+Y

where C, G, M > 0, and 0 < Y < 2. Intuitively, C controls the level of activity, G
and M together control skewness. Y controls the density of small jumps, i.e. the fine
structure. For Y < 1 the corresponding Lévy process is of finite variation. Allowing
Y = 0 yields the Variance Gamma process that has been proposed by Madan, Carr
and Chang [8].
The characteristic exponent of the CGMY process is given by

ψ(u) = CΓ(−Y ) (M − iu)Y − M Y + (G + iu)Y − GY ,
(2.1)
where Γ denotes the gamma-function.Although the geometric CGMY model is widely
used in finance, it cannot always be validated on real data. Surprisingly, even the
assumed independence of daily log-returns may not be validated on historical data.
3. ECF identification of Lévy systems. The ECF method has been widely
used in finance as an alternative to the ML Method, assuming i.i.d. returns [3], [4],
[9]. We adapt this technique to the problem of identifying the discrete-time Lévy
system described in (1.3). Fix a realization of H in its innovation form, i.e. assume
that H and its inverse are stable. Then the estimated innovation process (εn (θ)) is
defined via the inverse filter:
εn (θ) = H −1 (θ)∆yn ,

(3.1)

with zero initial conditions. Let ε∗n (θ) denote the stationary solution of (3.1) when
−∞ < n < ∞. Then we have for k ≥ 0
ε∗k (θ) = εk (θ) + rk ,

(3.2)

Q
where rk = OM
(αk ) with some 0 < α < 1, meaning that for all 1 ≤ q < Q
q

sup α−k E1/q |rk | < ∞.
k

The score functions to be used following the basic idea of the ECF method are
defined as
hk (u; θ, η) = eiuεk (θ) − ϕ(u, η)
h∗k (u; θ, η)

=e

iuε∗
k (θ)

(3.3)

− ϕ(u, η)

(3.4)

with u ∈ R. These are indeed appropriate score functions, since we obviously have
E [h∗k (u; θ∗ , η ∗ )] = 0.
Following the philosophy of the ECF method take a fix set ui -s, and define the kdimensional vector
T

hn (θ, η) = (hn (u1 ; θ, η), . . . , hn (uk ; θ, η)) .
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Let K > 0 be a fixed k × k weighting matrix. Then we define the cost function as

VN = VN (θ, η) =

N
X

|K −1/2 hn (θ, η)|2 .

n=1

By minimizing VN we obtain the estimation θN and ηN of θ∗ and η ∗ , respectively.
4. Analysis. We show that the gradient of VN (θ, η) serves as an alternative
score function. Differentiating VN w.r.t θ and η we get the equations
N
X

(4.1)

n=1


hTnθ (θ, η)K −1 h̄n (θ, η) + hTn (θ, η)K −1 h̄nθ (θ, η) = 0,

N
X


hTnη (θ, η)K −1 h̄n (θ, η) + hTn (θ, η)K −1 h̄nη (θ, η) = 0,

(4.2)

n=1

where h̄ is the conjugate of h. Note that, setting θ = θ∗ , the second equation is just
the optimality condition of the ECF method for i.i.d. samples. The derivative of the
score function is
hnθ (u, θ, η) = eiuεn (θ) iuεnθ (θ).

(4.3)

Hence in the first equation hnθ (θ, η) and hn (θ, η) are not independent. However, the
next lemma shows that hnθ (θ, η) and hn (θ, η) are essentially uncorrelated.
Q
Lemma 4.1. For any η we have E [VN θ (θ∗ , η)] = OM
(αn ), and in addition
Q
∗ ∗
n
E [VN η (θ , η )] = OM (α ).
Proof. First note that (3.2) implies




Q
∗
−1 ∗ ∗
E hTnθ (θ∗ , η)K −1 h̄n (θ∗ , η) = E h∗T
h̄n (θ , η) + OM
(αn ).
nθ (θ , η)K

Consider the nth term in (4.1). We have

∗
−1 ∗ ∗
E h∗T
h̄n (θ , η) =
nθ (θ , η)K
k X
k
h

i
X
∗
∗
∗
∗
−1
=
Kl,m
E eiul εn (θ ) iul ε∗n (θ∗ ) e−ium εn (θ ) − ϕ(−um , η) .

(4.4)

l=1 m=1

Fix l, m and compute one term using the tower law:
h

i
∗
∗
∗
∗
E eiul εn (θ ) iul ε∗nθ (θ∗ ) e−ium εn (θ ) − ϕ(−um , η) =
h h


ii
∗
∗
∗
∗
∆Z
= E E eiul εn (θ ) iul ε∗nθ (θ∗ ) e−ium εn (θ ) − ϕ(−um , η) |Fn−1
,

(4.5)

∆Z
where Fn−1
= σ {∆Zk : k ≤ n − 1} . Here we used that ϕ̄(u, η) = ϕ(−u, η). Due to
∆Z
the fact that ǫ∗nθ (θ∗ ) is Fn−1
measurable, (4.5) can be written as

E [iul ǫ∗nθ (θ∗ ) (ϕ(ul − um , η ∗ ) − ϕ(ul , η ∗ )ϕ(−um , η))] =
(ϕ(ul − um , η ∗ ) − ϕ(ul , η ∗ )ϕ(−um , η)) E (iul ǫ∗nθ (θ∗ )) = 0.
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Similarly for the nth term of (4.2) we have
h∗nη (u, θ, η) = −ϕη (u, η),
which is non-random implying that
Eh∗nη (u, θ∗ , η ∗ )K −1 h̄∗n (u, θ∗ , η ∗ ) = 0.
Define ρ = (θ, η), and define the asymptotic cost function by
2

W (θ, η) = W (ρ) = E K −1/2 h∗n (ρ) .
A crucial object is the Hessian of W at ρ = ρ∗ :
R∗ = Wρρ (ρ∗ ).
It is easy to see that R∗ is block diagonal matrix, with diagonal blocks R∗ (θ∗ ) =
Wθθ (θ∗ ) and R∗ (η ∗ ) = Wηη (η ∗ ). The following result provides a precise characterization of the estimation error:
Theorem 4.2. Under conditions seen in Section 1.1 we have
ρ̂N − ρ∗ = −(R∗ )−1

1 ∗ ∗
Q
V (ρ ) + OM
(N −1 )
N Nρ

Idea of proof: The proof of Theorem 4.2 is obtained by adapting methods developed in [11]. From (1.4) it follows that E|∆Zn |q < +∞ for all 1 ≤ q < Q. Thus
we get that both y and εn (θ) are L-mixing in a restricted sense [12]. From here we
obtain, following [12], that for any compact D0 ⊂ D
sup
(θ,η)∈D0

N

1 X  −1/2
Q
|K
hn (θ, η)|2 − W (θ, η) = OM
(N −1/2 ).
N n=1

Similar results hold for the derivatives of the terms in the bracket, whenever H and
ϕ are sufficiently smooth in the parameters. From here Theorem 4.2 follows using
arguments of [11].
Lemma 4.3. Let K = I. Then
k

X
2
R∗ (θ∗ ) = 2E εnθ (θ∗ )εTnθ (θ∗ )
u2j |ϕ(uj , η ∗ )|
j=1

and
1
Cov(VN∗ θ (θ∗ ), VN∗ θ (θ∗ )) =
N
k


X

2
2E εnθ (θ∗ )εTnθ (θ∗ )
u2j |ϕ(uj , η ∗ )| − ℜ ϕ(2uj , η ∗ )ϕ(−uj , η ∗ )2 .
S ∗ :=

j=1

The proof follows the line of arguments for Lemma 4.1. One can obtain similar
results for arbitrary K, but calculations are considerably simplifed if we take K = I.
Note that our theorem implies that the asymptotic covariance matrix of ρ̂N − ρ∗ is
(R∗ )−1 S ∗ (R∗ )−1 .
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5. Statistical Estimation of Stock Prices. In this section we summarize
some numerical results. Consider a process defined by ∆Yn = a∆Yn−1 + ∆Zn which
has been simulated with parameters C = 1, G = M = 2, Y = 0.4, a = 0.1. for
1 ≤ n ≤ 5000. Define an error function as the difference of the empirical characteristic
function and of the characteristic function. In Figure (5.1.) the logarithm of the
error function is plotted against different pairs of arguments. These figures suggest
that the proposed ECF estimation is numerically ill-conditioned and that is what we
experienced in practice. To understand the causes of the numerical problem we also
considered the estimation of a plain CGMY process (with a = 0), assuming that the
parameters C and Y known. Surprisingly, the estimations of G and M are fairly
accurate in this case. We got that Ĝ = 0.5089 and M̂ = 0.6928, while G∗ = 0.6 and
M ∗ = 0.7

(a) C, G error

(b) C,Y error

(c) G, Y error
Fig. 5.1. CGMY errors

6. Discussion. One could solve our identification problem using the orthogonality of ∆Z only by applying a prediction error method to get an estimation θ̂N of θ∗ ,
and then, applying an ECF method with score function hn (u, η) = eiuεn (θ̂N ) − ϕ(u, η)
to estimate η ∗ . Comparing the efficiency of these methods is the subject of further
 investigations. According to the literature the optimal choice of K is K =
E h(θ∗ , η ∗ )h̄(θ∗ , η ∗ )T for i.i.d samples using a continuum of u-s. It is an open problem whether an approximately optimal choice of K would significantly improve the
quality of the estimation of θ∗ . Since the estimations of G and M were fairly accurate
it might be a promising idea to mix the ECF method with other techniques.
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