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Abstract. Almost sure asymptotic stabilization of switched linear stochastic systems is investigated. A control framework is developed for the case where the mode of the switched system is
periodically sampled at discrete time instants and the obtained sampled mode information is subject
to time delays. Based on our probabilistic analysis of a bivariate stochastic process composed of the
actual mode signal and its delayed sampled version, we derive sufficient conditions under which our
proposed control law guarantees stochastic stability of the zero solution of the closed-loop system.
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1. Introduction. Stochastic hybrid systems provide accurate models for various real-life processes from finance, physics and engineering fields. Recently, considerable attention has been devoted on the stabilization of stochastic hybrid systems.
In particular, feedback control of Markov jump systems has been extensively studied
(e.g., [2, 5, 6], and the references therein). Markov jump systems are composed of
deterministic subsystems (modes) and a stochastic mode signal that is modeled as a
finite-state Markov chain. Furthermore, researchers have also explored more general
“switching diffusion processes”, which incorporate stochastic subsystem dynamics and
a stochastic mode signal. Specifically, feedback control of “switching diffusion processes” is discussed in [8, 12, 20, 21].
Most of the feedback control laws documented in the literature of stochastic hybrid systems require perfect knowledge of the mode signal. As a consequence, when
the mode of the switched system is not available for control purposes or only sampled
mode information is available, these control laws cannot be used for stabilization. It
is therefore important to develop feedback control frameworks for the limited mode
information case. In our previous work [3,4], we explored the case where the mode information is observed (sampled) only at discrete time instants. We proposed feedback
control laws for stabilizing continuous-time switched linear stochastic dynamical systems under sampled mode information. In this present study, we extend our previous
results presented in [4] to the case where the sampled mode information is subject to
time delay.
A feedback control problem for stochastic hybrid systems under the effect of
delays is explored in several studies. Specifically, stabilization with delayed state
feedback has been investigated in [1, 7, 9, 15, 19] and stabilization of discrete-time
Markov jump systems over communication networks with delays has been discussed in
[10,18]. Furthermore, an optimal controller is obtained in [13] for stabilizing discretetime linear Markov jump systems under “one time-step” delayed mode observations.
In this paper, we investigate the feedback control problem for continuous-time
switched stochastic systems under sampled and delayed mode information. These
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systems are composed of linear stochastic subsystems, which include Brownian motion in their dynamics. A continuous-time, finite-state Markov chain is employed
for modeling the mode signal of the switched system. We focus on the case where
the mode signal of the switched system is observed (sampled) only at equally spaced
discrete time instants and the obtained mode samples are available to the controller
only after a time delay. The mode information time delay can capture communication
delays between the mode sampling mechanism and the controller. On the other hand,
computational delays in mode detection might as well be modeled by the delayed
mode observations. For example, mode information delays may correspond to failuredetection delays for a fault tolerant control system with normal/faulty modes and a
“fault detection and isolation scheme” explored in [11, 17]. We propose a piecewisecontinuous control law that depends only on the delayed version of the sampled mode
signal rather than the actual mode signal. We employ a quadratic Lyapunov-like function to obtain sufficient conditions under which our proposed control law guarantees
almost sure asymptotic stability of the switched stochastic system.
The paper is organized as follows. In Section 2, we explain the notation used in
the paper; in addition, we provide a review of Markov chains, and the definition of almost sure asymptotic stability. We explain the feedback control problem for switched
stochastic systems under sampled and delayed mode information in Section 3, where
we also obtain sufficient conditions under which our proposed control law guarantees almost sure asymptotic stability. In Section 4, we give an illustrative numerical
example. Finally, we conclude the paper in Section 5.
2. Mathematical Preliminaries. In this section we introduce notation and
several definitions concerning stochastic dynamical systems. Throughout the paper,
R denotes the set of real numbers, Rn denotes the set of n × 1 real column vectors,
Rn×m denotes the set of n × m real matrices, N and N0 respectively denote the set of
positive and nonnegative integers. Furthermore, we write (·)T for transpose and tr(·)
for trace of a matrix, In for the identity matrix of dimension n, and λmin (H) (resp.,
λmax (H)) for the minimum (resp., maximum) eigenvalue of the Hermitian matrix H.
Let (Ω, F, P) be a probability space. A filtration {Ft }t≥0 on this probability space
is a family of σ-algebras such that
Fs ⊂ Ft ⊂ F,

0 ≤ s < t.

A stochastic process {xt (ω)}t≥0 is said to be adapted to the filtration {Ft }t≥0 if the
random variable xt : Ω → Rn is Ft -measurable, that is,
{ω ∈ Ω : xt (ω) ∈ B} ∈ Ft ,

t ≥ 0,

for all Borel sets B ⊂ Rn . The notations P[·] and E[·] denote the probability and
expectation, respectively.
A finite-state, continuous-time Markov chain is a piecewise-constant and rightcontinuous stochastic process that takes values from a finite set M , {1, 2, . . . , M }.
Mathematically, a Markov chain is defined to be an Ft -adapted stochastic process
{r(t) ∈ M}t≥0 characterized by a generator matrix Q ∈ RM ×M . The rates of transition between each pair of states i, j ∈ M are given by
(
qi,j ∆t + o(∆t),
i 6= j,
P[r(t + ∆t) = j|r(t) = i] =
(2.1)
1 + qi,j ∆t + o(∆t), i = j,
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where qi,j denotes theP(i, j)th element of the generator matrix Q. Note that qi,j ≥
0, i 6= j, and qi,i = − j6=i qi,j , i ∈ M. A Markov chain is called “irreducible” if it is
possible to reach from any state to another state with one or more transitions. For
every finite-state, irreducible Markov chain there exists a unique stationary probability
distribution
π , [π1 , . . . , πM ]T ∈ RM such that π T Q = 0, πi > 0, i ∈ M, and
P
i∈I πi = 1 [14, 16]. We employ a finite-state Markov chain for modeling the mode
signal, which manages the transition between subsystems (modes) of the switched
system.
In this paper, we adopt almost sure asymptotic stability notion, which is also
called “asymptotic stability with probability one” [12]. Specifically, the zero solution
x(t) ≡ 0 of a stochastic dynamical system is asymptotically stable almost surely if
P{ω ∈ Ω : lim kxt (ω)k = 0} = 1,
t→∞

(2.2)

for t ≥ 0 with a fixed initial condition x0 (·).
3. Main Results. We consider the continuous-time switched stochastic system
with M > 0 modes given by
dx(t) = Ar(t) x(t)dt + Br(t) u(t)dt + Dr(t) x(t)dW (t),

(3.1)

with the initial conditions x(0) = x0 and r(0) = r0 , where x(t) ∈ Rn and u(t) ∈ Rm
respectively denote the state vector and the control input, {W (t) ∈ R}t≥0 is an Ft adapted Wiener process, Ai , Di ∈ Rn×n , Bi ∈ Rn×m , i ∈ M , {1, 2, . . . , M }, are
subsystem matrices. The mode signal {r(t) ∈ M}t≥0 is assumed to be an Ft -adapted
irreducible Markov chain characterized by the generator matrix Q ∈ RM ×M with the
stationary probability distribution π ∈ RM . The Wiener process {W (t) ∈ R}t≥0 and
the mode signal {r(t) ∈ M}t≥0 are assumed to be mutually independent stochastic
processes.
In the following, we investigate the feedback control problem for the case where
the mode signal is sampled and the obtained sampled mode information is subject
to time delay. Specifically, the mode signal is assumed to be observed (sampled)
periodically with period τ > 0. Moreover, the obtained mode samples are assumed
to be available to the controller after a constant time delay TD > 0.
We denote the available mode samples by the sequence {r(kτ ) ∈ M}k∈N0 . By
employing the “sample and hold” technique we obtain the sampled version of the
mode signal {σ(t) ∈ M}t≥0 defined by
σ(t) , r(kτ ),

t ∈ [kτ, (k + 1)τ ),

k ∈ N0 .

(3.2)

In our previous study [4], we had considered a control law of the form u(t) =
Kσ(t) x(t), which depends only on the sampled mode information. In this present
study, each mode sample data is assumed to be subject to delay TD > 0, and hence
only a delayed version of the sampled mode signal {σ(t) ∈ M}t≥0 is available for
control purposes. As a result, the control law presented in [4] cannot be directly
employed. We assume that the initial mode is known to the controller and propose a
new control law of the form
(
0 ≤ t < TD ,
Kr0 x(t),
u(t) =
(3.3)
Kσ(t−TD ) x(t), t ≥ TD ,
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Fig. 3.1. Actual mode signal r(t), the sampled mode signal σ(t), and the delayed version of the
sampled mode signal σ(t − TD ) versus time

which depends only on the delayed version of the sampled mode signal. Henceforth,
our main objective is to obtain sufficient conditions of almost sure asymptotic stability
of the closed-loop system (3.1) under our proposed control law (3.3).
The delayed sampled mode signal {σ(t − TD ) ∈ M}t≥TD is a piecewise-constant
stochastic process that depends on the actual mode signal {r(t) ∈ M}t≥0 . Note that
the frequency of the occurrences of mode transitions, mode sampling period τ > 0, and
sampled mode information delay TD > 0 affect how accurately the actual mode signal
{r(t) ∈ M}t≥0 is represented by the delayed sampled version {σ(t − TD ) ∈ M}t≥TD .
Fig. 3.1 shows sample paths of r(t), σ(t), and σ(t−TD ) of an example switched system
(3.1) with M = 2 modes.
3.1. Sufficient conditions for almost sure asymptotic stabilization. We
employ a quadratic Lyapunov approach similar to the one used in [3, 4] to obtain sufficient conditions of almost sure asymptotic stabilization under sampled and delayed
mode information.
Theorem 3.1. Consider the switched linear stochastic system (3.1) with mode
sampling period τ > 0 and sampled mode information constant time delay TD > 0. If
there exist P > 0 and scalars ζi ∈ R, i ∈ M, such that
T
T
0 ≥ AT
i P + P Ai + Di P Di − 2P Bi Bi P − ζi P,

(3.4)

for i ∈ M, and
1
tr(Π
τ

ˆ

TD +τ

eQs dsΓ) −
TD

X

i∈M

πi

λ2min (DiT P + P Di )
< 0,
2λ2max (P )

(3.5)
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where Π ∈ RM ×M denotes the diagonal matrix with the diagonal entries π1 ,π2 ,. . .,πM ,
and Γ ∈ RM ×M denotes the matrix with the (i, j)th entries given by


ζ ,
i = j,

 j
2λmax (P Bi BiT P )
γi,j = ζi +
(3.6)
λmin (P )


λmin (P (Bj BiT +Bi BjT )P )

−
,
i 6= j,
λmax (P )

then the feedback control law (3.3) with the feedback gain matrices given by
Ki = −BiT P,

i ∈ M,

(3.7)

guarantees that the zero solution x(t) ≡ 0 of the closed-loop system (3.1) and (3.3) is
asymptotically stable almost surely.
Note that the stabilization conditions (3.4) and (3.5) depend not only on the
subsystem dynamics, but also on the probabilistic dynamics of the mode signal, as
well as the mode sampling period τ > 0 and the sampled mode information delay
TD > 0.
When time delay for the sampled mode information TD tends to 0, the conditions
of Theorem 3.1 reduces to the stabilization conditions presented in [4] for the case
where time delay for sampled mode information is not present.
Note that under the conditions (3.4) and (3.5), our proposed control law (3.3)
guarantees almost sure stabilization even if the mode samples are subject to different
time delays that are upper-bounded by a constant TD ∈ (0, τ ]. Specifically, consider
the case where the kth mode sample data r(kτ ) is subject to time delay Tk > 0,
k ∈ N0 . In this case, the sequence {kτ + Tk }k∈N0 denotes the time instants at
which the obtained mode samples become available to the controller. If there exists
a constant TD ∈ (0, τ ] such that Tk ∈ (0, TD ], k ∈ N0 , then the mode samples become
available to the controller in order, that is,
k1 τ + T k 1 ≤ k2 τ + T k 2 ,

k1 ≤ k2 ,

k1 , k2 ∈ N0 .

(3.8)

Furthermore,
kτ + Tk ≤ kτ + TD ,

k ∈ N0 ,

(3.9)

which implies that the controller has the sampled mode information r(kτ ) at time
kτ + TD , and hence the proposed control law (3.3) can still be employed for stabilizing
the switched linear stochastic dynamical system (3.1).
4. Numerical Example. In this section, we demonstrate the efficacy of our
approach concerned with the stabilization of switched linear stochastic dynamical
systems under sampled and delayed mode information. Specifically, we consider the
switched linear stochastic system (3.1) composed of M = 3 subsystems characterized
by the subsystem matrices




1 −5
−1.6
A1 =
, B1 =
,
1 1.5
1.6




0.5
0
0
A2 =
, B2 =
,
0.75 0.5
0




0.5
0.5
2
A3 =
, B3 =
,
−4.75 0.5
−2
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Fig. 4.1. State trajectory versus time
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Fig. 4.2. Control input versus time

and D1 = D2 = D3 = I2 . The mode signal {r(t) ∈ M , {1, 2, 3}}t≥0 of the switched
system is assumed to be a Markov chain with the generator matrix


−2 1
1
(4.1)
Q =  1 −2 1  ,
1
1 −2

with stationary probability distributions, πi = 31 , i ∈ M. Furthermore, the mode
signal {r(t) ∈ M}t≥0 is assumed to be sampled periodically at the time instants
kτ, k ∈ N0 , where τ = 0.1 is the mode sampling period. Furthermore, the obtained
mode samples are assumed to be available to the controller after a constant time delay
TD = 0.03.
Note that the positive-definite matrix P = I2 and the scalars ζ1 = −0.35, ζ2 =
2.75, ζ3 = −2.25 satisfy (3.4) and (3.5). Therefore, it follows from Theorem 3.1 that
the zero solution x(t) ≡ 0 of the switched stochastic system given by (3.1) under the
proposed control law (3.3) is asymptotically stable almost surely.
Figs. 4.1 and 4.2 respectively show the sample paths of x(t) and u(t) obtained
T
with the initial conditions x(0) = [1, 1] and r(0) = 1. The sampled mode signal
σ(t) may change its value at mode sampling time instants denoted by the sequence
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Fig. 4.3. Actual mode signal r(t) and the delayed version of the sampled mode signal σ(t − TD )
versus time

Fig. 4.4. Stabilization region with respect to τ and TD

{kτ }k∈N . Since, the piecewise-continuous control law (3.3) depends on the delayed
sampled mode signal σ(t − TD ), the control input trajectory is subject to jumps at
time instants denoted by {kτ + TD }k∈N .
Note that the feedback control performance is directly related to the quality of
the representation of the actual mode signal by the sampled and delayed version that
is available to the controller. Owing to frequent mode sampling and small mode
information time delay, the delayed sampled mode signal σ(t − TD ) of this numerical
example is a good representation of the actual mode signal r(t) (see Fig. 4.3).
The stabilization depends on both the mode sampling period τ > 0 and the mode
sample information delay TD > 0. Fig. 4.4 shows the numerically obtained values
of the constants τ and TD that satisfy the condition (3.5) of Theorem 3.1 for the
positive-definite matrix P = I2 and the scalars ζ1 = −0.35, ζ2 = 2.75, ζ3 = −2.25.
The dark region represents the set of values (τ, TD ) ∈ (0, ∞) × (0, ∞), for which the
stabilization is guaranteed by the control law (3.3) according to Theorem 3.1. Note
that the sample paths of x(t), u(t), r(t) and σ(t − TD ) shown in Figs. 4.1–4.3 are
obtained for the values τ = 0.1, TD = 0.03, which corresponds to a point in the
stabilization region shown in Fig. 4.4.
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5. Conclusion. The stabilization of switched linear stochastic systems has been
investigated. A feedback control framework has been developed for the case where the
mode of the switched system is periodically sampled and the obtained mode samples
are available to the controller only after a time delay. We employed a quadratic
Lyapunov-like function for obtaining sufficient conditions under which our proposed
control framework guarantees almost sure asymptotic stabilization.
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